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We report the first experimental observation of
periodic breathers in water waves. One of them is
Kuznetsov–Ma soliton and another one is Akhmediev
breather. Each of them is a localized solution of the
nonlinear Schrödinger equation (NLS) on a constant
background. The difference is in localization which is
either in time or in space. The experiments conducted
in a water wave flume show results that are in good
agreement with the NLS theory. Basic features of the
breathers that include the maximal amplitudes and
spectra are consistent with the theoretical predictions.

1. Introduction
Rogue waves (RWs) from the object of myths, legends
and seafarers tales are converted now into the subject of
scientific studies [1]. Scientific measurements, collected
from buoys, satellites and oil- and gas-platforms after the
first measurement of the Draupner wave [2], confirmed
the existence of extreme wave events in the world
oceans. RWs are presently studied both theoretically and
experimentally. The linear theories provide one possible
explanation for appearance of RWs [3]. However,
the nonlinear nature of ocean waves is now well
established [4,5]. The nonlinearity is especially important
in the description of high amplitude waves which is the
main feature of RWs.
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The scaled form of the NLS [4]
iψT + ψXX + 2|ψ|2 ψ = 0,

(2.1)

admits a family of stationary solutions and pulsating solutions also referred to as breathers [30].
These solutions can be derived using several mathematical integration techniques [13,14,23,31,32].
The family of KM-soliton solutions [20,21] can be expressed in terms of a real parameter ϕ ∈ R:
ψKM (X, T) =

cos(ΩT − 2iϕ) − cosh(ϕ) cosh(pX)
exp(2iT),
cos(ΩT) − cosh(ϕ) cosh(pX)

(2.2)

where Ω = 2 sinh(2ϕ) and p = 2 sinh(ϕ).
The solution is periodic in time T and localized in space X. Both, period in T and the degree of
localization in X are defined by the parameter ϕ. The solution is shown in figure 1a for a particular
value of ϕ = 0.3. The amplitude of the background here is 1. It can be rescaled to any value by
adding the scaling parameter into the solution [14]. This additional parameter does not change
the ratio of the maximum soliton amplitude max(|ψKM |) to the background which is given by the
expression 1 + 2 cosh(ϕ). Clearly, this ratio is always higher than 3. If the background is 1, then
max(|ψKM |) > 3.
The KM-soliton solution describes periodic beating of the ordinary soliton with the
background field. This can be seen from the simple geometrical construction first presented in [33]
and shown here in figure 1b. The soliton with the amplitude 2 cosh(ϕ) represented by the line
OA rotates around the point O(−1, 0) of the complex plane. This rotation results in oscillations
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Modelling wave dynamics with the nonlinear Schrödinger equation (NLS) is an approach
that takes into account the nonlinearity and dispersion at the lowest order [6,7] thus providing
the nonlinear description of these waves at the fundamental level. Governing the wave
motion in dispersive nonlinear media, it gives an explanation and description of extreme
waves, which appear from nowhere and disappear without a trace [8]. In particular, the NLS
describes the Benjamin–Feir or modulational instability [9,10], which is the main mechanism,
leading to the generation of RWs in the ocean [1,5,11] and in other nonlinear dispersive media [12].
The integrability of the NLS [13] enables us to write exact breather solutions on finite background
in analytical form [14]. These solutions describe localized carrier perturbations with increase of
the amplitude of the background wave by a factor of higher than two [15]. As a result, such
breather solutions can explain the generation of RWs.
Recently, exact breather solutions have also attracted attention. Specifically, the single-peak
Peregrine solution [16] has been observed in optics [17], in water waves [18] and in plasma [19].
These experiments confirmed deep analogies between diverse nonlinear dispersive media, where
the NLS approach is used. There are several types of breathers. Among them, we can mention
the time-periodic Kuznetsov–Ma soliton (KM-soliton) [20,21] and the space-periodic Akhmediev
breather (AB) [22,23]. The Peregrine breather can be considered as the infinite-period limiting
case of either of them. These three solutions belong to the class of first-order breather solutions of
the NLS [24]. The significance of the AB solution is that its initial stage describes a well-studied
process of modulational instability [23]. Moreover, the full growth-return cycle of the AB provides
a solution for the Fermi–Pasta–Ulam-recurrence (FPU) paradox [25]. Thus, their experimental
observation can be considered as a major step in physics of nonlinear dispersive media.
So far, exact fundamental ABs and KM-solitons have been observed only in optics [26–28].
In this work, we demonstrate, for the first time, the existence of periodic breather solutions in
water waves. These observations confirm once again the strong analogy between nonlinear wave
dynamics as well as phenomena in optics and hydrodynamics. Our work can stimulate similar
experiments in other nonlinear dispersive media. It may possibly take the research a further step
closer to prediction of extreme waves in treacherous marine conditions [29].
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Figure 1. (a) Time-periodic KM soliton for ϕ = 0.3 and for a scaled carrier background |ψ(X →= ±∞)| = 1. (b) Trajectory
of the centre point of the KM soliton with ϕ = 0.3 on the complex plane. The trajectory follows the solution along the line
X = 0, while T varies. The trivial phase factor exp(2iT) is omitted. The soliton has the amplitude and the phase represented by
the continuously rotating point A around the point O(−1, 0). Maximum amplitude of the solution appears when the point A
passes the point B. (Online version in colour.)
of the total amplitude of the KM soliton between the values −1 + 2 cosh(ϕ) and −1 − 2 cosh(ϕ).
These oscillations are clearly seen in figure 1a. They can be considered as beating between the two
complex fields. Such oscillatory soliton has recently been observed in optics [27].
The solution (2.2) belongs to the class of first-order solutions of the NLS [24]. Here, it is
presented in terms of trigonometric and hyperbolic functions used in [30]. The total family
contains three independent parameters controlling the form of the solution. Thus, this is the rich
family that covers several physically important types of solutions. A simple plot, showing the
correspondence between the solutions and the space of parameters can be found in [14]. Here, we
are concerned about two types of periodic solutions.
The second family of breathers which also belongs to the class of first-order solutions is
the following:
cosh(ΩT − 2iφ) − cos(φ) cos(pX)
exp(2iT),
(2.3)
ψAB (X, T) =
cosh(ΩT) − cos(φ) cos(pX)
where Ω = 2 sin(2φ) and p = 2 sin(φ). It is presently known as AB [30]. Writing it in the form
similar to the form of (2.2) shows that each of the two solutions is a part of a larger family.
Although parameters ϕ and φ must be real, formally, the two families can be transformed
into each other using the continuation into imaginary axis ϕ −→ iφ. Solution (2.3) depends
periodically on the parameter φ. Without restricting generality, we can consider it only within
the interval 0 < φ < π/2. The amplitude profile of the AB solution on the (X, T)-plane is shown in
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Figure 2. (a) Space-periodic AB for φ = 0.7 and with scaled carrier amplitude of |ψ(T → ±∞)| = 1. (b) Trajectory of the
AB with φ = π/4 (maximal modulation instability growth rate) on the complex plane. The trajectory follows the solution on
the line X = 0, while T varies. The trivial phase factor exp(2iT) is omitted. The point A(0, 1) of the complex plane corresponds
to the initial plane wave with the unit amplitude and the phase π/2. The point B corresponds to the maximum amplitude of
the AB at X = 0 and T = 0. The point C(0, −1) corresponds to the plane wave with the phase 3π/2. Thus, the AB imposes the
nonlinear shift π on the phase of the plane wave. (Online version in colour.)

figure 2a. This solution describes full growth-return cycle that starts with modulation instability at
T → −∞. The maximum growth rate of modulation instability occurs when φ = π/4. The growth
rate decays to zero at each end of the interval 0 < φ < π/2. The maximal amplitude of the solution
reached at the peaks of periodic structure is given by max(|ψAB |) = 2 cos(φ) + 1. This function
has maximum of 3 at φ = 0. Thus, if we consider the growth of instability as amplification of
the background, the total amplification provided by the AB solution is limited by the factor
of 3. Therefore, the maximal amplitude of each peak of the solution cannot be higher than three
times the amplitude of the background 1 < max(|ψAB |) < 3. Experimentally, this solution has been
observed and studied in nonlinear optics [17,26,28].
The AB solution describes heteroclinic trajectory in the phase space of infinite-dimensional
dynamical system. This can be seen from the geometric construction presented earlier in [23] and
shown here in figure 2b. The point A in this plot corresponds to the plane wave at T → −∞. It is
modulationally unstable and in terms of the theory of dynamical systems, this is a saddle. When
T increases, the point moves along the trajectory according to the AB solution. It reaches the
point B at T = 0 when the amplitude of the breather is maximal. Further evolution corresponds
to decay of the amplitude when T → +∞. The trajectory ends up in another saddle point C. The
latter corresponds to the plane wave at T → +∞. The plain wave gains an additional phase π

.........................................................

2

rsta.royalsocietypublishing.org Phil. Trans. R. Soc. A 372: 20140005

3

Downloaded from rsta.royalsocietypublishing.org on September 22, 2014

3. Experimental results
Experiments related to the elementary periodic KMs and ABs, described above, have been
conducted in a deep-water wave facility. The flume has a length of 15 m, its width is of 1.5 m,
the depth of the water of 1 m, whereas the sensitivity of the wave gauge is of 1.06 V · cm−1 , as
described earlier in [38]. The surface gravity waves are generated by a single flap-type wave
maker, which is driven by a computer-controlled hydraulic cylinder. It has been shown that it is
sufficient to assume a linear transfer function to the wave maker in order to generate soliton-type
waves [39]. In order to generate the solution on the surface of water, it is necessary to write it in
dimensional units. The dimensional form of deep-water NLS is [7]
− i(Ψt + cg Ψx ) + αΨxx + β|Ψ |2 Ψ = 0,

(3.1)

where cg = ω/2k, α = ω/8k2 , β = ωk2 /2, ω is the wave frequency and k is the wave number. The

latter are connected through the linear dispersion relation for deep-water waves ω = gk [40].
Equation (3.1) provides a weakly nonlinear approach for the description of narrow-banded water
wave field dynamics. For a given water depth h, the NLS (3.1) is valid in approximation of an
ideal, i.e. incompressible, inviscid and irrotational fluid when kh  1 [40]. It is obtained from
equation (2.1) by transforming it to the frame moving with the group velocity

β
Ψ
(3.2)
X = x − cg t, T = βt and ψ =
2α
To second-order in steepness, the bound Stokes surface elevation is given by [41]
η(x, t) = Re(Ψ (x, t) exp[iϑ] + 12 kΨ 2 (x, t) exp[2iϑ]),

(3.3)

where ϑ = kx − ωt is the phase of the carrier wave. Equation (3.3) is used in experiment to
determine the initial conditions as well as to provide the theoretical predictions for water
elevation at any specific position x∗ . The boundary conditions calculated from an exact solution
are then applied to the flap, thus, generating the solution of interest. We translated the solution in
space in order to observe the maximal breather compression at the distance of 9 m from the flap.
As mentioned in [42], two other important parameters in the experiment are the amplitude of the
background a and the steepness ε := ak of the carrier. The value of the latter should be chosen in
the way to avoid wave breaking and to ensure ideal breather dynamics in the wave flume for a

.........................................................

This is a solution localized both in X and T with the maximum amplitude three times the
background level. Experimental observations of the Peregrine solution received considerable
attention recently [15,17–19,34,35], mainly because it serves as the basic prototype of RWS.
More generally, it can be considered as an elementary building block in more complicated
families of higher order RW solutions of the NLS [36,37]. Its presence in various physical media
confirmed the validity of the NLS in describing nonlinear phenomena and strong localizations
simultaneously in time and in space in these media.
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due to the action of AB. The trajectory is part of a circle if we choose X = 0. It becomes a part of
an ellipse for any other fixed X. However, the qualitative features of the trajectory are the same
as described above. If we consider the evolution of the spectrum of the AB [23], it starts with a
single frequency at T → −∞, spreads to a wide discrete spectrum at T = 0 and returns to a single
frequency at T → +∞. Thus, this solution can be considered as a solution of an FPU paradox for
this dynamical spectrum.
Each of the above solutions is a one-parameter family. In the limit ϕ −→ 0 or φ −→ 0, period
of the solutions tends to infinity leaving only a single bump out of periodic sequence. This
common limit can be described by a simple first-order rational solution, known as the Peregrine
breather [16]


1 + 4iT
exp(2iT).
(2.4)
ψPB (X, T) = −1 + 4
1 + 16T2 + 4X2
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given parameter ϕ or φ. It is important to mention that periodic breather dynamics in water waves
will not be exactly the same as shown in figure 2a or b. After the transformation to the moving
frame (3.2) each breather experiences continuous translation in the laboratory frame. Thus, the
observations of periodic breathers in water waves, satisfying equation (3.1), differ from the
optical case.
We started the set of experiments by generating a KM soliton with the parameter ϕ = 1.0 for the
carrier parameter a = 0.5 cm and the steepness ε = 0.08. The breather evolution with the chosen
parameters is shown in figure 3a. Being started with nearly flat background wave slightly phase
and amplitude modulated at the wave maker position, the soliton increases its amplitude when
moving towards the other end of the water tank. As explained above, the KM-soliton position
moves in space when reaching each successive gauge. The soliton reaches its maximum amplitude
at the ninth gauge as programmed by the initial conditions. The wave profile at the point of
maximum amplitude shown in figure 3b is close to the profile predicted by the theory except for
the asymmetry. The latter is caused by higher-order dispersion and Stokes contributions that have
not been accounted in the theory.
One more example of the KM soliton evolution is shown in figure 4. Here, we reduced the
soliton parameter to ϕ = 0.8. Doing so, we decreased the amplitude amplification of the KM
soliton. Simultaneously, we increased the steepness value to ε = 0.09, keeping the amplitude of the
background at the level a = 0.5 cm, without observing any breaking of the waves. The latter would
strongly affect the breather dynamics during propagation. Figure 4 demonstrates the dynamics
similar to the previous case although the maximum amplitude of the soliton is lower.
Small initial modulation seen in the lowest blue curve in figures 3a and 4a is focused by the
KM soliton during the wave evolution in the flume. Modulation reaches its maximal compression
at the gauge 9. This corresponds to the point B in figure 1b. Experimental wave profiles are
in an excellent agreement with the theoretical predictions as can be seen in figures 3b and 4b.
Periodic wave dynamics over a large propagation distance has been recently observed in [43].
This shows that observation of several oscillations of periodically evolving KM-solitons is, in
principle, possible although the initial conditions in this work have not been inspired by the NLS.
Next, we turn our attention to the evolution of ABs in the water wave flume. This solution,
describes the FPU recurrence for the NLS. Its growth-return cycle also describes the growth and
decay of RWs. Thus, its observation is indeed important. First, we have chosen the parameters
in the experiment to be a = 0.5 cm and ε = 0.09, while the breather parameter is φ = 0.3. Figure 5a
shows the evolution of this solution in the wave tank. Comparison of the experimental curve at
the position of maximal amplification (blue curve) with the theoretical one (red curve) is shown
in figure 5b. We took into account the transformation (3.2) in plotting the theoretical curve. The
variation of the amplitudes in the successive periods of the breather which is related to the group
velocity shifts is clearly seen. The highest amplitude of the breather appears on the right-hand
side of the curves in figure 5b. It is consistent with the theoretical prediction.
In the second experiment, we have chosen the parameters of the AB to be: φ = 0.1, a = 0.5 cm
and ε = 0.08. The results of this experiment are displayed in figure 6. In this case, the ϕ-value is
closer to zero. This means that the modulation period is higher and the peaks of the solution are
well separated. The shape of each peak is close to the Peregrine breather profile. The amplitude
amplification in this case is close to three. Similar AB-like dynamics, referred to as solitons on
finite background, has been previously observed in water waves [44]. In addition to the effects
related to the group velocity shifts, we can also note an asymmetry of the surface wave profiles
due to higher order dispersion effects and to the mean flow. These are not taken into account in
the NLS wave dynamics [45].
The amplitude amplifications predicted in theory and reached in the experiments above
related to both KM solitons and ABs, are summarized in the table 1. Generally, there is better
agreement with the NLS solutions with smaller wave steepness and smaller nonlinearity [46].
We can see that the maximal experimental values for the surface elevations are indeed a slightly
higher than the ones predicted in theory. Again, this is due to the fact that the surface elevation
described in terms of NLS solution on finite background can be considered as a free surface

Downloaded from rsta.royalsocietypublishing.org on September 22, 2014

(a)

7

distance from the paddle (m)

7
6
5
4
3
2
1
0

5

10

15
time (s)

20

25

30

(b)

surface of the water (cm)

2.0

0.5
0

2.0

0.5
0

0

5

10

15

20
time (s)

25

30

35

40

Figure 3. (a) Evolution of a KM soliton for ϕ = 1.0, a = 0.5 cm and ε = 0.08. The nine blue curves are measured by the set of
equidistantly separated gauges. The soliton position in time shifts relative to the position at the previous gauge. (b) Comparison
of the wave profile with maximum amplitude, measured 9 m from the wave maker (blue top curve), with the predicted
theoretical second-order Stokes wave profile (red bottom curve), evaluated at the point of maximum soliton amplitude. (Online
version in colour.)
wave. The measured waves are, in fact, bound waves [41]. They include, additionally, higher
order Stokes harmonics. Depending on the steepness of the waves, these harmonics can be of the
order of three and even higher. Such waves have higher crests and flatter troughs than a purely
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Figure 4. (a) Evolution of a KM soliton for ϕ = 0.8, a = 0.5 cm and ε = 0.09. The nine blue curves are measured by the set of
equidistantly separated gauges. The soliton position in time shifts relative to the position at the previous gauge. (b) Comparison
of the wave profile with maximum amplitude, measured 9 m from the wave maker (blue top curve), with the predicted
theoretical second-order Stokes wave profile (red bottom curve), evaluated at the point of maximum soliton amplitude. (Online
version in colour.)
linear and sinusoidal wave train. The amount of deviation depends on the nonlinearity, i.e. the
steepness of the background waves.
Finally, we compare the semi-log angular frequency spectra of the observed KM soliton and
AB at the points of maximal compression with the theoretical predictions. The experimental
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Figure 5. (a) Evolution of an AB for φ = 0.3, a = 0.5 cm and ε = 0.09. (b) Comparison of maximal wave profile, measured
9 m from the wave maker (blue top curve), with the predicted and theoretical second-order Stokes wave profiles (red bottom
curve), evaluated at x ∗ = 0. (Online version in colour.)
spectra calculated from the data in figures 3b and 5b, using the discrete Fourier transform as
described in [2], are shown in figure 7a,b, respectively. They are in agreement with the theoretical
spectra presented in figure 7c,d, respectively. These curves are in qualitative agreement with the
spectra, observed in optics [26,27] stressing the existing analogies between hydrodynamics and
optics. For example, the central peak in figure 7a represents the soliton background while the

.........................................................

7

rsta.royalsocietypublishing.org Phil. Trans. R. Soc. A 372: 20140005

8

Downloaded from rsta.royalsocietypublishing.org on September 22, 2014

(a)

10

9

distance from the paddle (m)

6
5
4
3
2
1
0

10

20

30

40
50
time (s)

60

70

80

90

(b)
1.4

surface of the water (cm)

0.5
0

1.4

0.5
0

0

10

20

30
time (s)

40

50

60

Figure 6. (a) Evolution of an AB for φ = 0.1, a = 0.5 cm and ε = 0.08. (b) Comparison of maximal wave profile, measured
9 m from the wave maker (blue top curve), with the predicted and theoretical second-order Stokes wave profiles (red bottom
curve), evaluated at x ∗ = 0. (Online version in colour.)
quasi-discreteness of the spectra in figure 7b corresponds to the spatial periodicity of the AB.
Slight asymmetry of the spectra are naturally explained by the asymmetry of the surface wave
profiles [47], already mentioned. These spectra are the first of its kind in observations of nonlinear
water waves. They may happen to be useful in practice as suggested in [48].
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Figure 7. (a) The spectrum of the KM-soliton at the point of maximal surface elevation x ∗ = 0. The experimental data are
the same as in figure 3b. Parameters are: ϕ = 1.0, a = 0.5 cm and ε = 0.08. (b) The spectrum of the AB at the point of
maximal surface elevation x ∗ = 0. The experimental data are the same as in figure 5b. Parameters are: φ = 0.3, a = 0.5 cm
and ε = 0.09. (c) Theoretical KM-soliton spectrum corresponding to (a). (d) Theoretical AB spectrum corresponding to (b).
Theoretical spectra are computed with the same resolution, as the experimental data. (Online version in colour.)

Table 1. NLS theoretical and experimental maximal amplitude amplifications reached, which correspond to the parameters of
the above-described observations of KMs and ABs.

KM

breather ϕ-, φ-value
1.0

carrier amplitude a (cm)
0.5

steepness ε
0.08

max(ηNLS ) (cm)
4.08

max(ηexperiment ) (cm)
4.77

........................................................................................................................................................................................

0.8

0.5

0.09

3.67

3.71

0.3

0.5

0.09

2.91

3.23

..........................................................................................................................................................................................................

AB

........................................................................................................................................................................................

0.1

0.5

0.08

2.99

3.34

..........................................................................................................................................................................................................

It would be indeed interesting to analyse experimental spatial spectra of periodic breathers
as well. However, significantly more time-measurements along the water tank with very small
interval-distance would be required to reconstruct the spatial dynamics of breather solutions.

4. Conclusion
In this work, we experimentally confirmed the existence of the families of time-periodic as well
as space-periodic first-order breather solutions in water. These experiments complement our
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